In this paper, analytical expressions are derived and a finite element modelling procedure is proposed in order to predict the static load-indentation curves of circular GLARE fibre-metal laminates during loading and unloading by a hemispherical indentor. Analytical formulas have been recently published for the static indentation of circular GLARE plates which are now used during the loading stage. Here, considering that aluminum layers are in a state of membrane yield and employing energy balance during unloading, the unloading path is determined. Using this unloading path, an algebraic equation is derived and solved for calculating the permanent dent depth of the GLARE plate after the indentor's withdrawal. ANSYS software is used and a non-linear analysis is employed with geometric and material non-linearities for FEM calculations. The derived formulas and the proposed finite element modelling procedure are applied to GLARE 2-2/1-0.3 and to GLARE 3-3/2-0.4 circular plates. The analytical results are compared with corresponding FEM results and a good agreement is found. The analytically calculated permanent dent depth is within 6 % for the GLARE 2 plate, and within 7 % for the GLARE 3 plate, of the corresponding numerically calculated result. No other solution of this problem is known to the authors.
INTRODUCTION
GLARE is a fibre-metal Laminated material consisting of alternating aluminum layers bonded to glassepoxy prepreg layers. It is primarily used in aerospace structures which are frequently subjected to various impact damages [1] [2] [3] [4] [5] . A high percentage of the total energy absorbed by GLARE plates during impacts is due to the static deformation of the plate [1, [6] [7] . Hence, response of GLARE plates subjected to lateral indentation is very important as far as their overall impact behaviour is concerned. This paper deals with the static loading and unloading response of thin circular clamped GLARE fibremetal laminated plates under the action of a lateral hemispherical indentor located at the centre of the plate. In reference [1] Vlot used an elastic-plastic impact model to solve the loading problem numerically assuming a deformation profile based on experimental data. A conclusion of that work is the need for the derivation of an unloading function and for the calculation of the permanent dent depth after unloading. Hoo Fatt et al. [6] used the principle of minimum potential energy to model analytically the Full Article response of fully clamped square GLARE panels assuming a deformation profile which resembles that of a stretched membrane. They also calculated the first failure load due to glass-epoxy tensile fracture. Tsamasphyros and Bikakis [8] developed an analytical model for the calculation of static loadingindentation curve and the first failure due to glassepoxy tensile fracture applicable to circular plates. They employed the Ritz method in order to solve the problem in association with suitable approximation functions. Formulas corresponding to one, two and three-parameter Ritz approximations have been derived.
The objective of this paper is to develop an analytical model and propose a non-linear finite element modelling procedure for the calculation of static loading and unloading-indentation curves and the permanent dent depth after the indentor's withdrawal, which plays an important role to the inspection and residual strength of aerospace structures [9] [10] [11] [12] , applicable to circular plates. For the analytical modelling, aluminum layers are considered to be in a state of membrane yield and by employing energy balance during unloading, the unloading path is determined. Using this unloading path, an algebraic equation is derived and solved for calculating the permanent dent depth of the GLARE plate after the indentor's withdrawal. For the numerical modelling, ANSYS software is used and a non-linear analysis is employed with geometric and material non-linearities. The FEM analysis is implemented in two steps corresponding to the loading and unloading stages of indentation respectively. In this work the loading and unloading-indentation curves and the permanent dent depth are calculated applying the derived formulas to GLARE 2-2/1-0.3 and to GLARE 3-3/2-0.4 plates. The same loading and unloadingindentation curves are also calculated using ANSYS and by comparison to FEM results the validity of our analytical model is verified. No other solution of this problem is known to the authors.
PROBLEM DEFINITION
We consider a thin clamped circular GLARE plate with radius α and thickness t as shown in Fig. 1 . The plate is loaded statically by an indentor with a hemispherical tip of radius R acting at the centre. The plate consists of alternating layers of aluminum and glass-epoxy. The aspect ratio α/t is assumed very high so that shear deformation and local indentation are negligible. A polar coordinate system (r,θ,z) with the origin at the centre of the plate is employed as illustrated in Fig. 1 . The plate is clamped along its boundary. As the indentor progresses during the loading stage, the load P applied on the plate and the corresponding central deflection w o increase up to the position of the maximum applied indentation. At this position, the indentor starts to move towards the opposite direction and unloading begins. During the unloading stage, due to the elastic strain energy of the prepreg layers, which have been stretched, the plate's deformation starts to decrease up to the point of permanent deformation, where the residual stresses in the GLARE plate are in equilibrium without any external load acting on the plate. The loading and unloading (P, w o ) curves will be calculated analytically and numerically using ANSYS. We will also calculate the permanent dent depth corresponding to the permanently deformed plate state by derivation of an algebraic equation and by the deformations obtained from FEM results.
ANALYTICAL MODELLING
An analytical model has been published in reference [8] for the calculation of static loading-indentation curve and the first failure due to glass-epoxy tensile fracture applicable to circular GLARE plates. The Ritz method was employed in order to solve the problem in association with suitable approximation functions. Formulas corresponding to one, two and three-parameter Ritz approximations were derived. In order to obtain those analytical expressions for the loading-indentation curve the material behaviour of aluminum was idealized as rigid-perfectly plastic and the unidirectional glass-epoxy as linear elastic. Stress distributions corresponding to fully plastic bending and membrane states for aluminum layers were assumed. From the experimental data in reference [1] it is concluded that GLARE plates subjected to lateral indentation will undergo very large deflections, several times the plate thickness, before first failure due to tensile fracture of glass-epoxy occurs. It was concluded in [8] that, for large plate deflections, P during loading can be calculated up to the point of first failure considering only one Ritz parameter and only the membrane stiffness of the GLARE plate. This conclusion will be used here for the calculation of P during loading. The first failure load and deflection can be calculated using the corresponding analytical formulas derived in reference [8] . Remaining assumptions concerning the calculation of P during loading and the point of first failure made in [8] are considered valid. The maximum applied indentation is considered to be less than the first failure deflection.
Unloading Path
A typical static loading-unloading curve of a GLARE plate subjected to lateral indentation by a hemispherical indentor is depicted in Fig. 2 .
The area under the loading curve is equal to the strain energy required for the deformation of the GLARE plate during the loading stage. The strain ( 1) where P L (w 0 ) is the load applied to the plate by the lateral hemispherical indentor during loading. The area under the unloading curve is equal to the strain energy recovered during the unloading stage due to the stretched prepreg layers. The recovered strain energy is now calculated by: (2) where P U (w 0 ) is the load applied to the plate by the indentor during unloading. The area enclosed within the loading-unloading curves is equal to the energy consumed for the plastic deformation of aluminum layers. This plastic work is calculated by:
where F U (w 0 ) is the plastic load resisting the decrease of plate's deflections during unloading. Energy balance for a variation dw 0 , depicted in Fig.  2 , yields that U L is equal to the sum of U U and W U . Expressing this equality using equations (1)- (3) we get:
Differentiation with respect to w 0 yields:
Considering negligible bending stiffness of the GLARE plate due to large deflections and taking into account that the material behaviour of aluminum is idealized as rigid-perfectly plastic [8] , aluminum layers are considered to be in a state of membrane yield with a yield stress equal to σ ο . Since aluminum layers are in a state of membrane yield, the plastic work during loading is given by:
where m is the number of aluminum layers, t AL is the thickness of each aluminum layer and dA L is the increase of the GLARE plate's area during loading corresponding to the variation dw 0 . Similarly, the plastic work during unloading is given by:
where dA U is the decrease of the GLARE plate's area during unloading corresponding to the variation dw 0 . The deformation profile of the GLARE plate is governed by the boundary conditions in way of plate's boundary, the geometry and the position of the indentor. But the boundary conditions and indentor's geometry remain the same during loading and unloading. With reference to the variation dw 0 , the indentor moves between the same positions during loading and unloading. Hence, it is reasonable to assume that dA L is equal to dA U . With this assumption, equations (6) and (7) yield that W L is equal to W U . The plastic work during loading is:
where F L (w 0 ) is the plastic load resisting the increase of plate's deflections during loading. Since W L is equal to W U , from equations (3) and (8) by differentiation with respect to w 0 we get:
Analytical formulas for the calculation of P during the loading stage have been previously published in [8] . It was concluded there that, for large plate deflections, P can be calculated by:
where:
The in-plane forces of the aluminum layers are [8] : (13) and A ij are the extensional stiffnesses of the laminate. The first term of equation (10) corresponds to the load required for the plastic deformation of aluminum layers [8] . Hence, the plastic load during loading has the behaviour of a linear spring with stiffness K p . Taking into account equation (9), F U is calculated as follows:
where w 0 max is the maximum applied indentation, which is assumed less than the first failure deflection of the plate which can be calculated using the formulas of reference [8] .
Combination of equations (5), (10) and (14) gives:
Equation (15) , where w 0 per is the permanent dent depth of the GLARE plate. In this regard, we calculate the (P, w o ) curve during the unloading stage of indentation using Equation (15).
Permanent Dent Depth
At the state of permanently deformed GLARE plate, where the indentation load has been completely removed, the internal residual stresses remain in equilibrium without any external load acting on the plate. Hence, P U (w 0 per ) = 0 and by combination with equation (15) we obtain:
We will now prove that equation (16) has two conjugate complex roots and a unique real root, which is the only acceptable solution for w 0 per since the complex roots do not have physical meaning for the examined problem.
We rewrite equation (16) The discriminant of equation (17) is given by:
By substitution of equations (18) and (19) into (20), we obtain the following expression for the calculation of the discriminant:
But from equations (11) and (13) it is concluded that:
In order to check if K el is positive or negative, we calculate the membrane strain energy of the prepreg layers since the second term of equation (10) corresponds to the membrane stiffness of the prepreg layers. From reference [8] we have:
where T is the integration domain defined by the plate's boundary. The deformation profile is approximated by [8] :
Substitution of (24) into (23) yields:
By comparison of equations (12) and (25) we obtain:
By combination of equations (21), (22) and (26) we get:
Taking into account equations (18) and (19), it is concluded that coefficients p and q of the algebraic equation (17) are real numbers: If the discriminant is positive, the algebraic equation has one real root and two conjugate complex roots".
Hence, due to conditions (27) and (28), the algebraic equation (17) has a unique real root and two conjugate complex roots. Consequently, the equivalent equation (16) has two conjugate complex roots and a unique real root, which is the only acceptable solution for the unknown variable w 0 per having a physical meaning for the examined problem.
This real root is given by the following formula: (29) where:
(30)
FINITE ELEMENT MODELLING
In this paper we implement a 3-D finite element modelling procedure in order to predict the static load-indentation curves of thin circular clamped GLARE fibre-metal laminated plates during loading and unloading by a lateral hemispherical indentor located at the centre of the plate. ANSYS finite element program is used for this purpose.
The GLARE plate is modeled with two solid elements of different type along its thickness. The external aluminum layer, which is in contact with the indentor, is modeled with SOLID 185 elements. These hexahedral-shaped elements have eight nodes with three translational degrees of freedom per node. In order to reduce the computational cost, the remaining layers of the GLARE plate are modeled with SOLSH 190 elements. These are also hexahedral-shaped layered elements with eight nodes and three translational degrees of freedom per node. The accuracy of these elements is governed by the first order shear deformation theory.
The indentor is also modeled with SOLID 185 elements. In order to simulate the contact between the indentor and the external surface of the GLARE plate, we use CONTA 174 and TARGE 170 elements in way of the contact areas. The plate is clamped along its boundary. Due to symmetry of the problem we further reduce the computational cost by modelling only one quarter of the structure. Suitable symmetry boundary conditions are applied in this regard to all nodes of the symmetry planes.
The material of the steel indentor, which is considered rigid, is modeled with an isotropic linear elastic material model with increased stiffness. We idealize the material behaviour of the GLARE plate unidirectional glass-epoxy layers by employing an orthotropic linear elastic material model. Since stresses and strains of aluminum layers due to lateral indentation are beyond the yield point, the non-linear behaviour of aluminum must be taken into account. In this regard, the material of the GLARE plate 2024-T3 aluminum layers is modeled with an isotropic non-linear elastoplastic material model which obeys the following true stress-strain relation [13] : (31) where σ Ο is the yield stress of 2024-T3 aluminum, κ = 650 and n = 1.62.
A static non-linear analysis is employed with geometric and material non-linearities. This analysis has two steps. In the first step the indentor is forced to move and deform the GLARE plate incrementally up to the maximum applied indentation, w o max . In the second step, analysis starts using as initial condition the results obtained at the end of the first step. The indentor is forced to move incrementally towards the opposite direction. Our analysis stops at a position where there is no contact between the indentor and the GLARE plate. From the results obtained at the end of our analysis, the permanent deformations, along with the permanent dent depth of the plate are determined.
In order to verify the convergence of FEM results, (P, w o ) curves, we built three models with increasing plate mesh density for each specific case of circular GLARE plate we analyze. A fine mesh is used for the indentor in order to represent its geometry accurately. The indentor's mesh density remains the same for all models. For each model, we calculate the (P, w o ) curve and compare them in order to veri-λ λ It is noted that the proposed finite element modelling procedure has also been used in order to obtain the FEM results presented in [8] and by comparison with published experimental data the validity of the procedure was demonstrated there.
RESULTS
We apply the derived formulas and the proposed finite element modelling procedure in order to calculate the loading and unloading (P, w o ) curves and the corresponding permanent dent depth of GLARE 2-2/1-0.3 and GLARE 3-3/2-0.4 circular plates under the action of a lateral hemispherical indentor. GLARE 2-2/1-0.3 fibre-metal laminate consists of two external 2024-T3 aluminum layers and two Rglass UD fibre prepregs in the middle. Each aluminum layer has a thickness of 0.3 mm and each prepreg has a thickness of 0.1 mm. Prepregs have the same orientation. All available material properties of reference [1] have been used. For 2024-T3 aluminum we have considered a Poisson's ratio equal to 0.33 [14] . Remaining material properties have been taken from reference [6] or have been calculated based on the reciprocal relations. The radius of the examined GLARE 2-2/1-0.3 circular plate is equal to 45 mm and the maximum applied indentation is equal to 6 mm. The analytically calculated permanent dent depth is equal to 2.831 mm. In Fig. 3 the permanent lateral deflections of the examined GLARE 2-2/1-0.3 plate are depicted in 3-D view. For this plot we have used ANSYS symmetry expansion command in order to obtain results corresponding to a full model, since we have modeled a quarter of the structure. According to FEM results, the permanent dent depth after the indentor's withdrawal is equal to 2.996 mm. Hence, the analytically calculated permanent dent depth is within 6 % of the corresponding numerically calculated result. The radius of the examined GLARE 3-3/2-0.4 circular plate is equal to 75 mm and the maximum applied indentation is equal to 10 mm. The analytically calculated permanent dent depth is equal to 4.661 mm. According to FEM results, the permanent dent depth after the indentor's withdrawal is equal to 5.006 mm. Hence, the analytically calculated permanent dent depth is within 7 % of the corresponding numerically calculated result.
In Fig. 5 the calculated loading and unloading (P, w o ) curves are depicted for the GLARE 3-3/2-0.4 circu- As expected, it can be observed from Fig. 3 that the maximum permanent deformation is located at the centre of the examined GLARE plate, where the lateral indentor is acting.
CONCLUSIONS
In this work we have developed an analytical model and a finite element modelling procedure in order to predict the static load-indentation curves of thin circular clamped GLARE fibre-metal laminates during loading and unloading by a hemispherical indentor located at their centre. Our modelling also predicts the permanent dent depth of the GLARE plate after the indentor's withdrawal.
The analytical and numerical modelling are used to predict the response of a circular GLARE 2-2/1-0.3 plate with 45 mm radius and the response of a circular GLARE 3-3/2-0.4 plate with 75 mm radius subjected to a maximum indentation equal to 6 mm and 10 mm respectively. For the case of the circular GLARE 2-2/1-0.3 plate, the analytically calculated permanent dent depth is within 6 % of the corresponding numerically calculated result. For the case of the circular GLARE 3-3/2-0.4 plate, the analytically calculated permanent dent depth is within 7 % of the corresponding numerically calculated result.
For the examined cases, the analytically calculated static loading and unloading-indentation curves agree well with the corresponding numerical results calculated with FEM using ANSYS. In this regard, we further verify the validity of our analytical model. Our analytical and FEM modelling can be used for the design of circular GLARE plates under lateral indentation loading and unloading and for the evaluation of the impact properties of different GLARE grades. Furthermore, this analytical modelling is expected to predict satisfactorily the lateral indentation loading and unloading response of circular plates consisting of other advanced hybrid material systems of alternating metal layers bonded to fibre-reinforced polymer layers, provided that our assumptions remain valid.
Also, the proposed finite element modelling procedure is expected to predict satisfactorily the response of thin GLARE plates with various geometries and boundary conditions, subjected to loading and unloading by hemispherical indentors located at arbitrary position upon the plate.
Finally, this finite element modelling procedure is expected to predict satisfactorily the loading and unloading response of thin plates consisting of other advanced hybrid material systems of alternating metal layers bonded to fibre-reinforced polymer layers, provided that a suitable material model is employed for the metal layers.
